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Abstract 
General constructions are provided for some cyclic balanced hyper-Graeco-Latin superimpo- 
sitions of three Youden squares. These superimpositions are all row-column designs of sizes 
q x (2q + 1) and (q + 1) x (2q + 1) where 2q + 1 is a prime power congruent to 3 (modulo 4). 
For 2q+ 1 ~> 11, the designs of each size fall into three combinatorially (and statistically) distinct 
classes. The basic constructions, which extend constructions by Potthoff (1963) and Agrawal and 
Sharma (1978), involve systematic use of successive ven powers and successive odd powers 
of a primitive element of GF(2q + 1). However, we illustrate how an idea taken from Prcecc 
and Phillips (1997) can be extended to produce some slightly more involved variants of the 
constructions when q is composite and sufficiently large. @ 1999 Elsevier Science B.V. All 
rights reserved 
1. Introduction with definitions 
An 1" × t Youden square [7, 8] is a rectangular rray of t symbols in r ( < 1) rows and 
t columns such that each symbol occurs just once in each row and no more than once 
in each column, the subsets of symbols in the columns being the blocks of a symmetric 
balanced incomplete block design (SBIBD, often called a symmetric 2-design). 
If we write down a complete set of six 7 x 7 pairwise orthogonal Latin squares in 
standard cyclic Ibrm, we can select 4 of the 7 rows to give the following superimpo-. 
sition of six Youden squares of size 4 × 7: 
AAAAAA BBBBBB CCCCCC DDDDDD EEEEEE FFFFFF GGGGGG 
BCDEFG CDEFGA DEFGAB EFGABC FGABCD GABCDE ABCDEF 
CEGBDF DFA CEG EGBDFA FA CTGB GBDFAC ,4 CEGBD BDFA CE 
EBFCGD FCGDAE GDAEBF AEBFCG BFCGDA CGDAEB DAEBFC 
( 1 ) 
Correspouding author. E-mail: b.j.w)wden@ukc,ac uk. 
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If  we take the superimposition of any two of the six Youden squares here, e.g. 
AA BB CC DD EE FF GG 
BD CE DF EG FA GB AC 
CG DA EB FC GD AE BF 
EF FG GA AB BC CD DE 
(2) 
we have a design of  a type that has variously been defined as a 'balanced superim- 
position of  two Youden squares' [7,8] and as a 'Freeman-Youden rectangle' (FYR) 
[10,12]. 
For a formal definition of  an FYR, we follow [10,12] by describing the superimpo- 
sition as having 4 factors, namely 'rows', 'columns', 'symbols SI of  the first Youden 
square', and 'symbols $2 of  the second Youden square'. The rows-factor is orthogonal 
to each of the others in that each row has exactly one entry from each column, exactly 
one for each symbol from S1, and exactly one for each symbol from $2. The pairwise 
relationships of  the other 3 factors are however relationships of  balance. We number 
these factors 0 (for columns), 1 (for S1 ) and 2 (for $2). We use n21 to denote the 
t x t (0, 1)-matrix whose (i, j)th element ( i , j  = 1,2 . . . . .  t) is the number of times that 
the ith element of $2 is paired with the jth element of  S1; we use n~0 for the t x t 
(0, 1)-matrix whose (i, j)th element ( i , j=  1,2 . . . . .  t) is the number of  times that the 
ith element of  S1 occurs in the jth column, and we use n20 similarly for $2; we write 
n01 for the transpose of nl0 etc. With this notation, we define an r x t FYR to be an 
r × t rectangular array such that 
1. each entry is an ordered pair x, y where x is drawn from a set S1 of  t elements 
and y from a set $2 of  t elements; 
2. if the elements from either S1 or $2 are disregarded, the array becomes an r × t 
Youden square, so that nl0 and n20 (and therefore also n01 and no2) are the incidence 
matrices of SBIBDs; 
3. n2l (and therefore also n12) is the incidence matrix of an SBIBD; 
4. 
nOln l2n20 ÷ no2n21nlO ~ n l2n20no l  ÷ n lono2n21 
n2onolnl2 + n21ntono2 = f I  + gJ 
where f and 9 are integers, I is the t x t identity matrix, and J is the t × t matrix 
all of  whose elements are 1. 
As can be seen from the statistical iterature where FYRs had their origin, e.g. [6], 
property 4 above ensures that an FYR has an 'overall' balance, in a statistical sense, 
as well as the balance of each of the SBIBDs of properties 2 and 3. 
If the elements of S1 and $2 in (2) are taken in their natural orders, and the columns 
of (2) are also taken in their natural order, then, for (2), we can write 
n lo  ~ g/02 ~ n21 ~/ J ,  
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where 
11 
1 0 0 1 0 1 1 
1 1 0 0 1 0 1 
1 1 1 0 0 1 0 
0 1 1 1 0 0 1 
1 0 1 1 1 0 0 
0 1 0 1 1 1 0 
0 0 1 0 1 1 1 
Indeed, with this particular n, any FYR formed by taking just 2 of the Youden squares 
from (1) has n equal to nj0 or n01, and also equal to n~ or n~2, and also equal to n_~l 
or nl2. 
The present paper is concerned with designs where three Youden squares are super- 
imposed, subject o the restriction that any two of the three must constitute an FYR. ,lust 
as an FYR may be referred to as a Graeco-Latin design, so do we refer to our super- 
impositions of  three Youden squares as being hyper-Graeco-Latin designs. We restrict 
our attention to hyper-Graeco-Latin designs that can be constructed by mcthods that 
are natural extensions of the methods used for FYRs, r < t -  1. These methods automat- 
ically produce designs that have overall balance in the statistical sense that has already 
been alluded to, so we attempt no formal definition of  a class of hyper-Graeco-Latin 
designs; indeed, further research may well be needed to clarify how the definition of 
an FYR can be most usefully extended to cover a class of  hyper-Graeco-Latin designs. 
The work in this paper extends work by Potthoff [5] and Agrawal and Sharma [1]. 
Both of  these sources in the literature gave designs of the type that we are considering, 
except hat a rows-factor was not included. Specifically, Potthoff [5, p. 29] gave a cyclic 
design that could be obtained by ignoring rows in a 6 × II balanced superimposition 
of  3 Youden squares; not having the rows present, he described his design as being a 
'4DIB design' (4-dimensional incomplete block design). In greater generality, Agrawal 
and Sharma [1] provided constructions (their Methods 1 and 2) for 4DIB designs 
corresponding to our series of  hyper-Graeco-Latin superimpositions of sizes q × (2q+ 1 ) 
and (q+ 1) × (2q+ 1) where 2q+ 1 is a prime power congruent to 3 (modulo 4): we, 
however, develop an approach of Gardiner and Preece [3] so that we can simplify and 
illuminate Agrawal and Sharma's classification of the designs, and we arrange things 
so that our designs, unlike those of Agrawal and Shanna, come out in cyclic form. 
We provide a new table (Table 2 below) to summarise what has now been achieved. 
2. A classif ication of the hyper-Graeco-Lat in  designs 
Our concern is with superimposing 3 Youden squares to give a design with 5 factors, 
namely rows, columns, and (by analogy with above) S1, $2 and $3. As above, the 
rows factor is orthogonal to each of the others. To meet our requirement that any 2 of 
the 3 Youden squares shall constitute an FYR, we require (extending earlier notation 
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in the obvious way) that all of  the matrices nlo, n20, n30, n21, n31, and n32 are incidence 
matrices of  SBIBDs. This is true if we take the 3 Youden squares to be any 3 of the 
6 possibilities in (1). In considering extensions of known constructions for FYRs, we 
also require there to be a matrix n such that 
//10 or  no l ,  
/t20 or  t702 ,
n30 or  //03, 
n~ 
n21 or  /'/12, 
//31 or  //13, 
//32 or  //23. 
This too is true for any set of  3 Youden squares from the 6 Youden squares in (1). 
We can arbitrarily take n =//10, giving us {n20} {n30} {n2} {n3 / {n32} 
Y/ ~-//10 ~ or = or = or = or = or . 
/'/02 nO3 //12 Y/13 /723 
This gives 25=32 Youden squares. However, these 32 can be allocated to 3 non- 
overlapping sets of possibilities such that, within each set, any of the possibilities 
can be obtained from any other by making a permutation of  the factors 0, 1,2 and 3. 
Taking the sets in the order that is most convenient for us, we find that they are of  
sizes 12, 8 and 12, respectively. The superimpositions in these 3 sets are respectively 
of  3 different types, corresponding to the 'groups' (actually sets) G2, G1 and G3 of 
Agrawal and Sharma [1]; representatives of these types are examples (5), (6) and (7) 
of Gardiner and Preece [3]. For present purposes, however, we find it convenient o 
choose representatives differently, to satisfy the following matrix equations: 
Type 1: n=nlo=n2o=no3=n12=n31=n32;  (3) 
Type 2: n=nlo=n2o=no3=n21=n31=n:3 ;  (4) 
Type 3: n=nlo=nzo=n3o=n21 =n3I =n23. (5) 
As pointed out by Gardiner and Preece [3], these types can be distinguished by finding 
subsets of  equations that can be rewritten in the cyclic form 
Hh i ~__ //(/ z / / jh .  
For Type 1 there are 2 such subsets, namely 
nlo z//03 z//31 and //20 z n03 z / /32 ;  
for Type 2 there is just one such subset, namely 
//10 ~H03 ~n31,  
whereas for Type 3 there is no such subset. The same distinction into types can be 
arrived at by considering suffices whose 3 appearances are all in the same position. 
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For Type 3 there are 2 such suffices (namely 0, which appears 3 times in the second 
position, and 2, which appears 3 times in the first position); for Type 2 there is just 
one such suffix (2, which appears 3 times in the first position), whereas for Type 1 
there is no such suffix. There is, of course, nothing distinctive about the ~irst position 
for Type 2; transposes could be taken throughout the defining equations (4), by inter- 
changing the suffices for each matrix, and then the suffix 2 would appear 3 times in 
the second position. 
As indicated in the papers already quoted, the designs of each of the three Types 
are all balanced (overall) in a statistical sense. 
If the factors in (3) are subjected to the permutation (03)(12), and then matrix 
transposes are taken throughout, Eqs. (3) reappear. But this cannot happen under any 
permutation that replaces either 0 or 3 by either 1 or 2. It is therefore hardly surprising 
that, when a Type 1 design of size q × (2q + 1) is used statistically as an experimental 
design it has a different 'efficiency' ibr factors 0 and 3 from that for factors 1 and 
2. (For information on statistical efficiency, we refer readers to the papers quoted and 
to textbooks on the design and analysis of comparative xperiments. In the present 
paper, efficiency is mentioned only in the current paragraph and briefly in Section 5. ) 
Eqs. (4) are invariant under the permutation (013) but not under any permutation that 
changes the factor-label 2. Again it is hardly surprising that a Type 2 design of size 
q × (2q + 1 ) has two efficiencies, with that for factor 2 differing from that for any of 
factors 0, 1 and 3. A surprising result does, however, arise for Type 3, and this is 
the reason for mentioning efficiencies here. If the permutation (02)(13) is applied to 
Eqs. (5), and then matrix transposes are taken throughout, Eqs. (5) are retrieved. But 
this cannot happen under any permutation that replaces either 0 or 2 by either 1 or 3. 
We might therefore xpect a Type 3 design of size q × (2q + 1 ) to have 2 efficiencies, 
namely one for factors 0 and 2, and another for factors 1 and 3; however, in troth, 
there is just a single efficiency which arises for each of the 4 factors. Here, the pairs 
of factors are distinguishable combinatorially but not statistically. 
3. Basic general constructions 
The sizes q × (2q + 1) where 2q + 1 is a prime power congruent to 3 (modulo 4) 
include 5 × l 1, with q = 5. For this particular size we can denote the elements of each 
of S1, $2 and $3 by 0, 1,2 . . . . .  9, t (with t denoting 10). Then superimpositions of
Types 1 3 include the following: 
Type 1: 
192 2t3 304 415 526 637 748 859 96t t70 081 
438 549 65t 760 871 982 193 0t4 105 216 327 
51t 620 731 842 953 t64 075 186 297 3t8 409 
947 t58 069 17t 280 391 4t2 503 614 725 836 
356 467 578 689 79t 8t0 901 t12 023 134 245 
676 D.A. Preece, B.J. Vowden/Discrete Mathematics 197/198 (1999) 671-682 
Type 2" 
146 257 368 479 58t 690 7tl 802 913 t24 035 
452 563 674 785 896 9t7 t08 019 12t 230 341 
598 6t9 70t 810 921 t32 043 154 265 376 487 
93t t40 051 162 273 384 495 5t6 607 718 829 
317 428 539 64t 750 861 972 t83 094 lt5 206 
Type 31 
154 265 376 487 598 6t9 70t 810 921 t32 043 
495 5t6 607 718 829 93t t40 051 162 273 384 
539 64t 750 861 972 t83 094 lt5 206 317 428 
913 t24 035 146 257 368 479 58t 690 7tl 802 
341 452 563 674 785 896 9t7 t08 019 12t 230 
Because of the cyclic development (modulo 11 ) of each of these designs from its initial 
column, these designs can be represented more succinctly and conveniently by writing 
the initial columns in row form: 
Type 1: (1,9,2 4,3,8 5,1,t 9,4,7 3,5,6) 
Type 2: (1,4,6 4,5,2 5,9,8 9,3, t 3,1,7) 
Type 3: (1,5,4 4,9,5 5,3,9 9,1,3 3,4,1) 
This sort of notation is used more generally in the sequel. 
We provide general constructions for the sizes q x (2q ÷ 1 ) when 2q + 1 is a prime 
power congruent to 3 (modulo 4) in the following way. Let e represent a primitive 
element of the finite field GF(2q + 1). When working with powers of e it is convenient 
to employ some notation introduced by Vowden [11], where we write e . . . .  1 = em, in 
which m is an integer exponent from the range 1 ,2 , . . . ,2q -  1 and, in turn, ~ is taken 
in the integer ange 0, 1 ,2 , . . . ,2q -  1, but notice that ~ avoids the value q (because 
eq =-  1). Our notation here is similar to that of Jacobi [4], who provides a table (his 
Table IV) from which we may read off the value of ~ for each value of m for a single 
primitive element e. for each GF(p) where p is a prime, 7~< p~< 103. Jacobi wrote 9 
where we use e., with m' where we use m, and m where we use N. 
To define our q x (2q + 1) arrays, we index rows by the integers 0, 1,2 .... .  q - 1 
and columns by the elements of GF(2q ÷ 1), and perform arithmetic within that field 
when appropriate to do so. We also use these field elements to serve as the symbols 
from each of the sets S1, $2 and $3. Starting with two integer exponents a and b, 
values for which we shall specify later, we define a q x (2q + 1) array whose (i,j)th 
entry is the triple of field elements 
~2i + j, e2i+a + j, e. 2i+t~ +j ,  (6) 
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where, as we have specified, i=  0, 1,2 . . . . .  q -  1, and where j runs through the ele- 
ments of GF(2q + 1) in some convenient order. The initial column description of  the 
superimposition is 
(1,~./,,~:I, .~;2 e2-a  g2+h . . .  g(2q-2) {;(2q-2) a g;(2q 2~÷/,). 
As the counterpart, in this more general context, of the matrix n encountered within 
Sections 1 and 2, we take n to be the (2q+ 1)× (2q+ 1) (0, 1)-matrix whose ( i . j ) th 
entry is 1 if i - j  is non-zero and an even power of  e, but 0 otherwise (where to define 
n we need to index both rows and columns by the ordered elements of GF(2q + 1)). 
Our choice for n does correspond to the incidence matrix of an SBIBD, via difference 
sets based on quadratic residues modulo 2q + 1, as described by Bose [2]. Wc then 
obtain the incidence matrices 
n I[I z 11, 
=~n i fa  is even, 
H20 [ n' if  a is odd, 
/130 z { n if b is even, 
n ~ i fb  is odd, 
= f n if 6 is even, 
/q21 { n ~ i fa i s  odd, 
~" n if b is even, 
H31 / n' if b is odd, 
n if a and b - a have like parity, 
n32 = n' if  a and b -a  have opposite parity. 
Thus to obtain a q × (2q+ 1) superimposition of Type 1 as specified by Eqs. (3) in 
Section 2 we need a choice for the exponent pair a ,b to satisfy: 
a is even and 6 is odd, 
b is odd and b is even, 
b -  a is even. 
Now elements of the form d ' ' -  l, for m = 1.2 . . . .  ,2q -  1, exhaust he whole of GF(2q+ 
1) except for the two elements 0 and -1  = cq. So the exponent ~ that we introduced 
above via the relation e, . . . .  1 = e ~ assumes all values in the range 0, 1,2 . . . . .  2q 1 apart 
from the odd integer q. As Vowden [1 1] showed, if m is even then N and 2q - m have 
opposite parity, whereas if m is odd then N and 2q-  m agree in parity. Because we 
are supposing that 2q + 1 is a prime power congruent o 3 (modulo 4), we may write 
q = 2).+ 1 for some positive integer 2. In terms of ). the counts of the 4 possible parity 
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Table 1 
Counts of integers atisfying the different parity combinations 
m h~ Number of 
possibilities 
even even 2 
even odd 2 
odd even 2 + 1 
odd odd 2 
combinations for m and ~ are displayed in Table 1. We see that there are 2(2+ 1 ) pairs 
a, b associating even a and odd 6 with odd b and even b. Now the map m ~ ~ ÷ q 
is an involutive bijection of  the integer range 1,2 . . . . .  2q - 1 (provided, of course, that 
after addition we reduce modulo 2q whenever necessary). So each pair a, b of the kind 
we are considering is linked with a second pair al,bl via the formulae al =d ÷ q, 
bl = b ÷ q, and because of  the relation b - ~ = b - a + a - ~ we find that b - a and 
b l -  al have opposite parity. Hence, by means of  the construction expressed in (6), 
exactly ½2(2-+-1)= I 2 g(q -1 )  exponent pairs a, b generate a q x (2q+ 1 ) superimposition 
of  Type 1, necessarily with representative incidence scheme that is specified by Eqs. (3) 
in Section 2. Superimpositions for any other of the 11 Type 1 incidence schemes may 
be obtained from our examples by suitably permuting the factors 0, 1, 2 and 3. 
To obtain a q x (2q + 1 ) superimposition of Type 3 that accords with the incidence 
equations (5) in Section 2 we need instead a choice for a and b with a, ~, b and b all 
even and such that b - a is odd. Of course we must require a ¢ b, so there are 2 (2 -  1 ) 
pairs a,b with a, 6, b and b all even. Each such pair determines a second pair al,bl so 
that b - a and bl - al have opposite parity; we simply take al =b and bl =a .  This is 
because 2q - m = N - m ÷ q for m = 1,2 . . . . .  2q - 1, again with the convention that we 
reduce modulo 2q when necessary. In this way we obtain ½)~(2- 1 )= ½(q-  1 ) (q -  3) 
Type 3 superimpositions. (This formula confirms the conclusion of Gardiner and Preece 
[3] that there are no Type 3 superimpositions of size 3 x 7.) 
Our construction produces q x (2q ÷ 1) superimpositions of Type 2, each with the 
incidence scheme described by Eqs. (4) in Section 2, provided a, ~ and b are even 
and b and b -  a are odd. In this instance we may employ complementation to count 
the eligible a, b pairs; their number is 
1 "~ ½{(2q-  1 ) (2q-2) -  lZx  ~(q- -  1 ) - lZx  ½(q-  l ) (q -3 )} :~(q '  2_  1). 
A pair a, b to provide one of  our q × (2q + 1 ) Type 2 superimpositions can always be 
found as follows. Choose odd m and n with ~ even and ~ odd. I f  m - n is even take 
a=m-n and b :m; i fm-n  is odd take a=n-m and b=2q-m.  
Returning to the case of  5 × 11 superimpositions that we considered at the start of  
this section, we take q = 5 and the primitive element e : 2 in GF(11). Our methods 
generate the parameter pairs a = 6 and b = 1 for Type 1, a = 2 and b = 9 for Type 2, 
and a = 4 and b = 2 for Type 3. These pairs correspond, via the process of construction 
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Table 2 
q × (2q + 1 ) balanced superimpositions of 3 Youden squares 
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Size Type e; a, b Initial column 
3×7 
5×11 
9×19 
1x23 
1 3:4.5 (1.4,5 2, 1,3 4.2.6) 
2 2.5 (1,2,5 2,4.3 4,1,61 
1 2:6.1 (1,9.2 4,3,8 5.1.10 9,4.7 3.5.6) 
2 2.9 (1,4,6 4,5,2 5.9,8 9.3.10 3.1,7) 
3 4,2 (1,5,4 4,9,5 5,3,9 9,1,3 3,4, I) 
1 2;2,1 (1,4,2 4,16,8 16,7,13 7,9,14 9,17, 18 
17.11.15 11,6,3 6,5,12 5. l, I0) 
2 14,1 (1,6,2 4,5,8 16,1,13 7,4,14 9, 16,18 
17,7,15 11,9,3 6,17,12 5,11,I0) 
3 6,10 (1,7, 17 4,9,11 16,17,6 7.11,5 9,6,1 
17,5,4 11,1,16 6,4,7 5,16,91 
1 5:8,15 (1,16,19 2,9,15 4,18,7 8,13.14 16,3,5 
18,12,20 13.1,17 3,2,11 6,4,22 12,8,211 
2 4,21 ( i ,4,14 2,8,5 4,16,10 8,9,20 16,18,17 
18,3,22 13,6,2I 3,12, 19 6,1,15 12,2,7) 
3 4,2 (1,4,2 2,8,4 4, 16,8 8,9. 16 16, I8,9 
18,3, 13 13,6,3 3, 12.6 6, I, 12 12,2, 1 ) 
9.6, 10 
9,13.11 
9.13,18 
implied by (6), to the three 5 × 11 superimpositions displayed at the start of this section. 
Specimen designs obtained by our methodology for q = 3, 5, 9 and 11 are presented 
in Table 2. 
The designs of  size (q + 1) × (2q + l) that are covered by this paper are obtained 
from the corresponding designs of  size q × (2q + l) by addition of an initial row 
000, 111,222 . . . . .  After insertion of this row the designs are still superimpositions 
of Youden squares, and any two of them still constitute an FYR. No new issues of  
construction, of existence or of  enumeration are raised by the insertion of  the extra 
row, so we do not discuss the (q + 1 ) × (2q + 1) designs further. 
4. Variants of the basic general constructions 
Our basic general constructions in Section 3 above have involved simple system- 
atic use of the successive even and odd powers of a primitive element of  GF(2q + 1 ). 
However, Preece and Phillips [10] showed that, when q is composite, Freeman-Youden 
rectangles of sizes q x (2q + 1) and (q + 1 ) × (2q + 1), where 2q + 1 is a prime power 
congruent to 3 (modulo 4), can be constructed by variant procedures which, although 
still systematic, are slightly more elaborate. We now extend that approach so as to pro- 
duce further cyclic balanced hyper-Graeco-Latin superimpositions of Youden squares. 
We illustrate our modification of  the basic constructions above by consideration of 
Type 1 superimpositions of  size 21 × 43. Here q=21 is indeed composite, having 
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factors 3 and 7. We start from the successive ven and odd powers of the primitive 
element 3 of GF(43), as follows: 
even: 1 9 38 41 25 10 4 36 23 35 14 40 16 15 6 11 13 31 21 17 24 
odd: 3 27 28 37 32 30 12 22 26 19 42 34 5 2 18 33 39 7 20 8 29 
Thus our general methodology of Section 3 can be used to produce a Type 1 super- 
imposition whose initial column is 
(30,336,315 32,338,317 34,340,319 ...) modulo 43, 
i.e. 
(1,21,22 9,17,26 38,24,19 41,1,42 ... 21,11,32 17,13,30 24,31,12). 
We denote the sets of triples in this initial block as  {xi, Y i ,Z i} ( i=0 ,  1 .. . . .  20). The 
required properties of the design remain unchanged if we obtain a variant of the design 
by applying the permutation (ZoZ18ZI5ZI2Z9Z6Z3) to zi-values. To demonstrate this, we 
merely have to write di = zi - xi and ei = zi - -  Yi (i = 0, 1 . . . . .  20); the above permuta- 
tion of zi-values correspondingly produces the permutations (d0d15d9d3dlsd12d6) and 
(eoe3e6e9e12elsels) of di-values and ei-values. Here the permutations of the zi-values, 
the d,-values and the ei-values each involve only 7 of the possible 21 values, and 
these 7 are those with 'equally spaced' suffices 0,3,6,9,12,15,18, i.e. suffices 3c~ where 
:~=0, 1,...,6; the variant construction is thus dependent on the fact that q=21 has 
factors 7 and 3. 
The same means may be used to modify the 21 x 43 Type 2 superimposition whose 
initial column is 
(1,16,42 9,15,34 38,6,5 41,11,2 ... 21,35,22 17,14,26 24,40,19) 
to produce a variant Type 2 superimposition that has initial column 
(1,16,2 9,15,34 38,6,5 41,11,39 ... 21,35,42 17,14,26 24,40,19). 
We have performed the same permutation of zs-values, and have identified the displaced 
entries by underscoring them. The corresponding permutations of d~-values and e~- 
values are now (dod3d6dgdtzdlsd18) and (eoegetse6etse3e12). Likewise the 21 × 43 
Type 3 superimposition 
(1,10,17 9,4,24 38,36,1 41,23,9 ... 21,38,13 17,41,31 24,25,21) 
when similarly modified by the permutation (zoz12z3zlsz6zlsz9) produces the variant 
Type 3 superimposition 
(1,10,36 9,4,24 38,36,1 41,23,14 ... 21,38,25 17,41,31 24,25,21). 
I f  we take q = 15 and employ the primitive element 3 to generate GF(31 ) the permu- 
tation (ZoZI2Z9ZhZ3) produces Type 1 and Type 2 variants from the following 15 x 31 
superimpositions of Types 1 and 2, respectively 
(1,14,11 9,2,6 19,18,23 16,7,21 ... 2,28,22 18,4,12 7,5,15) 
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AAA BBB CCC DDD EEE FFF GGG HHH III J J J  KKK LLL MAIM NNN 000 PPP 
HGB GHA FED EFC DCF CDE BAH ABG POJ OPI NML MNK LKN KLM ,liP IJO 
KJD LI(" ILB JKA ONH PMG MPF  NOE CBL DAK ADJ  BCI GFP HEO EHN FGM 
MIE NJF  OKG PLH 1MA JNB KOC LPD EAM fBN GCO HDP AEI Bk7 CGA DIlL 
OFL PEK MHJ  NGI KBP LAO IDN JCM GND HMC EPB FOA CJtt  DIG ALl" BKE 
PCNODM NAP MBO LGJ KHI  JEL IFK HKf" GLE fTH EJG DOB CP.t BMD .4,V( 
and 
(1,19,3 9,16,27 19,20,26 16,25,17 ... 2,7,6 18. l.23 7,9,21). 
However we have been unable to construct a similar variant from Type 3 superimpo- 
sitions of this size. 
5. 6 x 16 and 10 × 16 balanced superimpositions of 3 Youden squares 
Preece and Cameron [9, Table 2] gave a 16 × 16 hyper-Graeco-Latin square whose 
first 6 rows consist of  3 superimposed 6 x 16 Youden squares, and whose last l0 
rows consist of 3 superimposed 10 × 16 Youden squares. Within the hyper-Graeco- 
Latin square's 6 × 16 section, reproduced here in Table 3, and also within the 10 × 16 
section, omission of  any one of  the three Youden squares leaves a Freeman Youden 
rectangle. 
The matrices nl0,n20 . . . .  for the 6 x 16 and 10 × 16 superimpositions satisfy the ap- 
propriate requirements for SBIBDs and for Freeman-Youden rectangles, but do not 
otherwise satisfy equations given previously in this paper. For the 6 x 16 superimpo- 
sition, 
ni/,n/,i = 3 J  - 2nil,  
where h, i , j  are any 3 of  the suffices 0, l, 2, 3, in any order: ~br the 10 × 16 superim- 
position we similarly have 
ni/,nhi = 5 J  + 2nii.  
The three superimposed l0 × 16 Youden squares together constitute a balanced de- 
sign (in the overall statistical sense, as mentioned above) with a single efficiency factor 
which arises for each of  its factors 0, 1, 2, and 3. However, the 6 × 16 hyper-Graeco- 
Latin superimposition is fatally flawed, statistically. If  it were to be used statistically 
as an experimental design, information that it would provide on effects of any one of 
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the factors 0, 1, 2 and 3 would be 'totally confounded'  (i.e. inextricably entangled) 
with information on effects o f  the other three factors. This point was overlooked in [9], 
and is mentioned here, partly as a warning against taking anything for granted with 
generalisations o f  F reeman-Youden rectangles, and partly because the 6 x 16 superim- 
posit ion's failure as an experimental design merely reflects the fol lowing combinatorial 
property, which merits attention in its own right. 
Take any element x of, say, $3. E lement x appears in 6 of  the 96 cells o f  the design, 
and so does not appear in the remaining 90 cells. These 90 comprise the remaining 30 
cells in the same columns as x, plus the remaining 30 cells containing elements of  S1 
that are paired with x, plus the remaining 30 cells containing elements o f  $2 that are 
paired with x. A like result is obtained if  we start with any element of  S1 o f  $2, or 
with any one column. 
No such property holds for the 10 x 16 superimposit ion of  three Youden squares, 
nor for any other o f  this paper's superimpositions o f  three Youden squares. 
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